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Abstract
It is known that the independence number of a connected claw-free graph G of order n
is at most (n + 1)=2. We improve this result by showing that this bound still holds for the
upper irredundance number IR(G). We characterize the connected claw-free graphs for which
IR(G) = (n+ 1)=2 and give some properties of those graphs for which IR(G) = n=2 if n is even
or IR(G) = (n− 1)=2 if n is odd.
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1. Introduction
1.1. De&nitions
Let G = (V; E) be a simple graph of order |V |= n (if some ambiguity may occur,
we specify G = (V (G); E(G)). The (open) neighborhood of a vertex v is N (v) =
{w∈V ; vw∈E}, its closed neighborhood is N [v]=N [v]∪{v} and its degree is d(v)=
|N (v)|. The minimum degree (G);  for short, of G is equal to min{d(v); v∈V}.
If X is a vertex subset of G and v∈V , we denote N (X ) = ⋃x∈X N (x); N [X ] =⋃
x∈X N [x]; NX (v) = N (v) ∩ X and dX (v) = |NX (v)|. The subgraph induced in G by X
is denoted by G[X ]. For v∈X , the X -private neighborhood of v is the set pn(X; v) =
N [v]\N [X \{v}]. Its elements are called external private neighbors of v when they are
in V\X ; in this case, they are adjacent to v but to no other vertex of X . When the
vertex v is isolated in G[X ]; v itself belongs to pn(X; v) and we say that v is its own
private neighbor.
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A set X is independent if no two vertices of X are adjacent. A set X is dominat-
ing if N [X ] = V , that is if every vertex in V\X has at least one neighbor in X ; a
dominating set X is minimal if no set X \{x} with x∈X is dominating. A set X is
irredundant if every vertex of X has an X -private neighbor. The independence number
(G) (respectively, the upper domination number (G) and the upper irredundance
number IR(G)) is the maximum cardinality of an independent set (respectively, of a
minimal dominating set and of an irredundant set) of G.
It is well-known [1] that in any graph G, every maximum independent set is min-
imal dominating, and that every minimal dominating set is irredundant. This
implies
(G)6E(G)6 IR(G):
A vertex x of a graph G is simplicial if its neighborhood N (x) induces a complete
subgraph of G. The vertex x is bisimplicial if N (x) induces two vertex-disjoint com-
plete subgraphs of G. A clique of a graph G is a maximal complete subgraph of G. A
non-simplicial clique of G is a clique containing no simplicial vertex and a k-simplicial
clique is a clique exactly containing k simplicial vertices. We call here corona of a
graph G the graph C(G) =G ◦K1 obtained from G by adding a pendant edge at each
vertex of G.
The line graph L(G) of a graph G has vertex set V (L(G))=E(G), and two vertices
of L(G) are adjacent if and only if they are adjacent as edges of G. The clique graph
K(G) of G has the set of cliques of G as vertex set, and two vertices of K(G) are
adjacent if and only if they intersect as cliques of G. The line graphs of trees have been
described in [9]. The graph L is the line graph of a tree if and only if two cliques of L
have at most one vertex in common and the clique graph of L is a tree. Each cliqueKv
of L corresponds to the edges incident to a vertex v of T and each simplicial vertex of L
corresponds to a pendant edge of T . Hence a line graph L of tree is more precisely the
line graph of the corona of a tree T if and only if each clique of L is 1-simplicial (the
only simplicial vertex of a clique Kv corresponds to the unique pendant edge attached
at the vertex v of T ). In L=L(C(T )), the vertices of L are thus partitioned into the set
of the |V (T )| simplicial vertices and the set of the |E(T )|= |V (T )|−1 bisimplicial ver-
tices. Note also that the line graph of the corona C(G) of a graph G is the middle graph
of G [1].
A graph is claw-free if it does not contain the star K1;3, also called a claw, as
an induced subgraph. The line graphs can be characterized by nine forbidden induced
subgraphs, among them the claw (see for example [9]). Hence every line graph is
claw-free.
1.2. Known bounds on (G) in claw-free graphs
It is known that every graph G satisHes (G)6 IR(G)6 n− (G) [4]. The graphs
realizing the equality for (G) or for IR(G) have been described in [2]. Some of them
are claw-free but only when  is suIciently large since the description given in [2]
shows that in claw-free graphs, IR(G) = n −  implies ¿ n=2, and (G) = n − 
implies ¿ n − 2. This observation can incite to look for smaller bounds when the
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graph is claw-free with small minimum degree. Several authors gave such bounds
on (G).
Theorem A (Li and Virlouvet [10], Faudree et al. [3]). If G is a claw-free graph
of order n and minimum degree , then (G)6 2n=(+ 2).
(Actually, the authors of [3] proved the stronger result (G)6 nk=( + k) in any
K1; k+1-free graph.)
Theorem B (RyjKaLcek and Schiermeyer [11], Gasharov [7]). If G is a connected claw-
free graph of order n, then (G)6 (n+ 1)=2.
Note that the bound of Theorem A is the best one as soon as ¿ 2, in particular if
G is 2-connected. Both of them are sharp.
The purpose of this paper is to study whether in connected claw-free graphs, the
previous bounds on (G) are still valid for E(G) or IR(G). Clearly, the bound of
Theorem A does not hold even for E(G). This can be seen by the graph G consisting
of two disjoint cliques Kn=2 joined by a perfect matching. For this graph, E(G) =
IR(G) =  = n=2 while 2n=( + 2)¡ 4. However, we will prove that for connected
claw-free graphs, the upper bound (n+1)=2 on (G) also holds for IR(G). Of course,
this bound will be of interest, and possibly sharp, only when 6 n=2 since otherwise,
the bound n−  is better. We will also characterize the connected claw-free graphs for
which IR(G) = (n+ 1)=2 and give some properties of those for which IR(G) = n=2 or
IR(G) = (n− 1)=2.
2. Bound on IR(G ) in claw-free graphs
Let X be an irredundant set of G. We consider the classical partition V=X ∪B∪C∪R
associated to X and deHned as follows:
• Y = {y∈X ;dX (y)¿ 1} is the set of the non-isolated vertices of G[X ]; Z =
{z ∈X ;dX (z) = 0}= X \Y is the set of the isolated vertices of G[X ].
• Bx = pn(X; x)\{x} is the external X -private neighborhood of the vertex x of X ,
BY =
⋃
y∈Y
By; BZ =
⋃
z∈Z
Bz; B= BY ∪ BZ = {u∈V\X ;dX (u) = 1}:
• C = {u∈V\X ;dX (u)¿ 2}; Q = {u∈V\X ;dZ(u)¿ 2} ⊆ C:
• R= V\N [X ] and for each y∈Y; Ry = {u∈R;By ⊆ N (u)}.
The set R = V\(X ∪ B ∪ C) contains the vertices which are not dominated by X . If
the irredundant set X is maximal, then for every vertex u∈R, the set X ∪ {u} is not
irredundant and thus X contains a vertex y∈Y such that By is entirely dominated by
u. This observation, as well as some easy properties related to the previous partition
when the graph G is claw-free, are given in Lemma 1 (see e.g. [6]).
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Lemma 1. Let G be a claw-free graph and X a maximal irredundant set of G. Then,
with the previous notation:
1. For every y∈Y , the component of G[X ] containing y is a clique Cy.
2. For every y∈Y; By induces a clique.
3. R=
⋃
y∈Y Ry if Y = ∅ and R= ∅ if Y = ∅.
4. If u∈Q then dZ(u) = 2 and dY (u) = 0.
Theorem 1. Every connected claw-free graph G of order n satis&es IR(G)6 (n+1)=2.
Moreover, if IR(G)=(n+1)=2 then IR(G)=(G), and if IR(G)=n=2 then IR(G)=E(G).
Proof. We consider a maximum irredundant set X of G and the partition associated
to X . Let A1 = Z ∪Q; A2 = Y ∪BY and A3 =BZ ∪ (C\Q). Then, IR(G)= |Y |+ |Z |, the
sets Ai are disjoint, and V = A1 ∪ A2 ∪ A3 ∪ R. Note that if Z = ∅ then A1 = ∅, and if
Y = ∅ then A2 = ∅ and R= ∅ by Lemma 1(3).
Since X is irredundant, By = ∅ for every y∈Y and thus
|Y |6 |A2|
2
: (1)
Moreover, |Y |= |A2|=2 if and only if |By|= 1 for all y∈Y .
Case 1: If Y = ∅, then X = Z is a maximum independent set of G and IR(G) =
(G)6 (n+ 1)=2 by Theorem B.
Case 2: If Z = ∅, then IR(G) = |Y |6 |A2|=26 |V |=2 = n=2. Moreover IR(G) = n=2
if and only if n is even, |By|=1 for all y∈Y; A3 =C = ∅ and R= ∅. Hence, if Z = ∅
and IR(G) = n=2, then the dominating irredundant set X = Y is a minimal dominating
set, which implies E(G) = IR(G) = n=2.
Case 3: If Y = ∅ and Z = ∅, then each component S1; S2; : : : ; St of G[A1] is claw-free
and satisHes (Si)6 (|Si|+ 1)=2 by Theorem B. Since Si ∩ Z is an independent set of
G[Si], we get
|Si ∩ Z |6 |Si|+ 12 : (2)
We deHne an injective map f from {S1; S2; : : : ; St} into A3 = BZ ∪ (C\Q) in the
following way: If Si ∩ Z contains a vertex zi such that Bzi = ∅, we choose a vertex
z′i in Bzi and deHne f(Si) = z
′
i . If Bz = ∅ for all z ∈ Si ∩ Z , then by the connectedness
of G, the component Si is linked to V\A1 by at least one edge siui with si ∈ Si and
ui ∈V\(A1 ∪ BZ) = Y ∪ BY ∪ (C\Q) ∪ R. If si ∈Z , then ui ∈ Y by the deHnition of
Z; ui ∈ BY by the deHnition of a private neighbor, ui ∈ R by the deHnition of R. If
si ∈Q, that is if si has two neighbors in Z , then ui ∈ R ∪ BY ∪ Y for otherwise si
would center a claw. In both cases ui ∈C\Q. We deHne f(Si)=ui. To prove that f is
injective let us consider i = j. If f(Si)=z′i ∈BZ and f(Sj)=z′j ∈BZ , then f(Si) = f(Sj)
by the deHnition of a private neighbor. If f(Si) = z′i ∈BZ and f(Sj) = uj ∈C\Q, then
f(Si) = f(Sj) since B and C\Q are disjoint. If f(Si)=ui ∈C\Q and f(Sj)=uj ∈C\Q,
suppose ui=uj and let y be a neighbor of ui in Y . The vertices si and sj, which belong
to diMerent components Si and Sj, are not adjacent. The vertex y is not adjacent to
si (nor similarly to sj) by the deHnition of Z if si ∈Z and by Lemma 1(4) if si ∈Q.
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Hence, ui centers a claw with leaves y; si; sj, a contradiction. Therefore, ui = uj and
thus f is injective.
The t sets Si ∪ {f(Si)} are disjoint and
⋃t
i=1 (Si ∪ {f(Si)}) ⊆ A1 ∪ A3. By (2),
|Si ∩ Z |6 (|Si ∪ {f(Si)}|)=2 for 16 i6 t. Summing these t inequalities gives |Z |6
(|A1 ∪ A3|)=2. By (1), IR(G) = |Y | + |Z |6 (|A1 ∪ A2 ∪ A3|)=2 = (n − |R|)=26 n=2.
Moreover, if IR(G) = n=2 then |R|= 0 and IR(G) = E(G) since, as in Case 2, X is a
minimal dominating set of G.
The proof of IR(G)6 (n+1)=2 is complete. For n odd, the equality IR(G)=(n+1)=2
is possible only in Case 1, and we saw that in this case, (G) is always equal to IR(G).
For n even, the equality IR(G)=n=2 is possible in any case. In Case 1, (G)= IR(G),
and thus E(G)=IR(G)=n=2. In Cases 2 and 3, IR(G)=n=2 implies IR(G)=E(G).
Corollary 1. If G is a claw-free graph of order n and minimum degree at least 2,
then IR(G)6 n=2.
Proof. By additivity, it is suIcient to prove the property for G connected. By Theorem
A, ¿ 2 implies (G)6 n=2. By Theorem 1, IR(G) = (n+1)=2, for otherwise (G)=
IR(G) = (n+ 1)=2. Therefore, IR(G)6 n=2.
In order to characterize the connected claw-free graphs G for which IR(G)=(n+1)=2,
we describe a family F of claw-free graphs.
De#nition (The family F). A graph G belongs to the family F if it is constructed
as follows: Let T1; T2; : : : ; Tq be q given trees diMerent from K1; C(Ti); 16 i6 q,
their coronas, and Li = L(C(Ti)) the line graphs of their coronas. To construct G,
we choose q − 1 pairs {xij; xji}, where xij and xji are simplicial vertices belonging to
diMerent graphs Li, say xij ∈V (Li) and xji ∈V (Lj), and the 2(q − 1) vertices xij; xji
are all distinct. Moreover, these vertices are chosen in such a way that when we
contract the two vertices xij and xji into a unique vertex cij adjacent to every vertex
of NLi(xij) ∪ NLj (xji), we get a graph G whose clique graph is a tree (in other words,
G is connected and no cycle of G contains two vertices cij and ci′j′). We give more
precisions to justify the choice of the pairs {xij; xji}. Consider any tree T with vertex
set {l1; l2; : : : ; lq}, and thus with q − 1 edges, such that dT(li)6 |V (Ti)| (recall that
|V (Ti)|¿ 2) for 16 i6 q. Since, each graph Li has |V (Ti)| simplicial vertices, we can
associate to each edge lilj ∈E(T) a simplicial vertex xij in Li (and a simplicial vertex
xji in Lj) such that the dT(li) simplicial vertices of Li associated to the dT(li) edges
of T incident to li are diMerent. We obtain G by contracting each pair of vertices
xij; xji into one vertex cij as said above.
An example of such a construction with q= 4 is given in Fig. 1.
Theorem 2. Every graph G of order n of F is claw-free and satis&es IR(G)=n+1=2.
Proof. lt is clear from the deHnition that every graph G of F is connected
and claw-free, and thus satisHes (G)6 IR(G)6 (n + 1)=2 by Theorem 1. In the
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Fig. 1.
construction of G, the q − 1 vertices cij, obtained by identiHcation of two simplicial
vertices xl ∈V (Li) and yl ∈V (Lj), are bisimplicial and belong to two non-simplicial
cliques. These vertices cij form with all the other simplicial vertices of the Li’s an
independent set Z of G (represented by black circles in Fig. 1). The set Q of the other
vertices of G (represented by black squares) contains the bisimplicial vertices of the
Li’s. Let |V (Ti)|= ni. As previously seen in the description of the line graphs of coro-
nas of trees, each graph Li contains ni simplicial vertices and ni − 1 bisimplicial ones:
Hence, n=|Z |+|Q| with |Z |=∑qi=1 ni−(q−1) and |Q|=
∑q
i=1 (ni−1)=|Z |−1. There-
fore, Z is an independent set of order (n+1)=2 of G, which implies (G)¿ (n+1)=2
and thus (G) = IR(G) = (n+ 1)=2.
We can now characterize the connected claw-free graphs for which the bound
(n+ 1)=2 on IR(G) is attained.
Theorem 3. A connected claw-free graph G of odd order n¿ 3 satis&es IR(G) =
(n + 1)=2 or, equivalently, (G) = (n + 1)=2, if and only if it belongs to the
family F.
Proof. The part “if” follows from Theorem 2. Conversely, let G be a connected
claw-free graph of odd order n, such that IR(G)=(n+1)=2. From the proof of Theorem
1, we know that (G) = (n+ 1)=2; V (G) = Z ∪Q ∪ B, where Z is an independent set
of cardinality (n+1)=2; |Q∪B|=(n−1)=2, each vertex of B has exactly one neighbor
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in Z and each vertex of Q has exactly two neighbors in Z . Let v be any vertex in
Q∪B. The claw-free graph G′=G− v of order n′= n− 1 contains an independent set
Z of order (n+ 1)=2 = (n′ + 2)=2. This implies that G′ is not connected by Theorem
B. Therefore, every vertex v of Q∪B is a cutvertex of G. Since G is claw-free, G− v
has exactly two components and N (v) consists of two disjoint complete subgraphs. Let
us prove that B= ∅. This is clearly true for n= 3. If this is not always true, let n0 be
the smallest value of n such that a connected claw-free graph G of order n satisfying
IR(G) = (n + 1)=2 has a maximum independent set Z such that, with the previous
notation, B = ∅. Let G be such a graph of order n0; Z an independent set of G of
order (n0 + 1)=2 such that B = ∅; v a vertex of B and x the unique neighbor of v in Z .
Let G1 be the claw-free subgraph induced by the component of G − v not containing
x; C1(v)=NG1 (v) and Z1 =Z ∩V (G1). Similarly, let G2 be induced by the component
of G − v containing x and Z2 = Z ∩ V (G2). Then,
n0 = n(G1) + n(G2) + 1 and |Z |= |Z1|+ |Z2|: (3)
By Theorem 1 applied to G2; |Z2|6 (n(G2) + 1)=2. Therefore, |Z1|¿ (n0 + 1)=2 −
(n(G2)+1)=2=(n(G1)+1)=2 and Theorem 1 applied to G1 implies |Z1|=(n(G1)+1)=2.
Let w be a vertex of C1(v). Since it is not adjacent to x, the vertex w is not in Q
for otherwise it would center a claw. Hence, w has exactly one neighbor in Z , and
consequently also exactly one neighbor in the independent set Z1 of the connected
claw-free graph G1. This contradicts the choice of n0. Therefore, B=∅ for any value of
n; V=Z∪Q and each of the two disjoint complete subgraphs forming the neighborhood
of any vertex v of Q exactly contains one vertex in Z . Let now z be any vertex of Z .
If N (z) contains three vertices u; v; w of Q such that uv∈E(G) and vw∈E(G), then u
and w belong to the same component of G[N (v)] and thus uw∈E(G). Since, z does
not center a claw, N (z) induces one complete subgraph or two vertex-disjoint complete
subgraphs of G.
The structure of G is thus as follows: Each clique contains exactly one vertex of Z ,
each vertex of Z belongs to one or two cliques, each vertex of Q belongs to exactly
two cliques and is a cutvertex of G. In particular two cliques of G have at most one
vertex in common. If the clique graph K(G) is not a tree, let k1k2 : : : kpk1 be a cycle of
K(G) and x1x2 : : : xpx1 the cycle of G such that the edge xixi+1 belongs to the clique ki,
the subscripts being taken modulo p. Since Z is independent, the vertices xi are not all
in Z . Suppose x2 ∈Q and for i=1; 2, let zi be the unique vertex of ki∩Z (with possibly
z1 = x1 or z2 = x3). The two neighbors z1 and z2 of x2 belong to the same component
of G − x2, that is to the same complete component of G[N (x2)], a contradiction since
they are not adjacent. Hence, the clique graph of G is a tree and each bisimplicial
vertex of Z is also a cutvertex. Let q − 1¿ 0 be the number of bisimplicial vertices
of Z . Let L be the graph obtained from G by splitting each bisimplicial vertex z of Z ,
with N (z) = A ∪ B and G[A]; G[B] complete, into two vertices x and y, respectively,
joined to the vertices of A and B. For each of the q components Li of L, every clique
is 1-simplicial, two cliques have at most one vertex in common, and the clique graph
is a tree. Hence Li is the line graph of the corona of a tree and we recognize the
construction of G described in the deHnition of the family F. Therefore, G belongs
to F.
92 O. Favaron /Discrete Applied Mathematics 132 (2004) 85–95
Fig. 2.
The previous study shows that for n odd, the equality IR(G) = (n + 1)=2 implies
(G)= (n+1)=2 and (G)=1. The situation is quite diMerent for the values of IR(G)
just below (n+1)=2. The following theorems show that we can have IR(G)=n=2 when
n is even, or IR(G)= (n− 1)=2 when n is odd, with (G) large. Moreover, (G) may
be very small for these graphs (see Fig. 2).
Theorem 4. Let G be a connected claw-free graph of even order n¿ 8. If IR(G)=n=2,
then (G)=n=2 or 16 (G)6 n=4. Moreover, for every integer r between 1 and n=4
or equal to n=2, there exists a connected claw-free graph G of order n such that
IR(G) = n=2 and (G) = r.
Proof. Assume n even and IR(G)= n=2. We follow the proof of Theorem 1. If Z = ∅,
then X = Y; V\X =B and |By|=1 for every vertex y∈X . The two sets X and B have
equal cardinalities and are joined by a perfect matching. Since G is claw-free, all the
components of G[X ] and G[B] are complete. If both G[X ] and G[B] are connected,
then (G)=n=2. Otherwise, (G)=r, where r is the smallest cardinality of a component
of G[X ] or G[B]. This integer r can take any value between 1 and n=4. If Z = ∅,
then |X | = |Y | + |Z | = n=2, |BY |¿ |Y | = n=2 − |Z | and |BZ ∪ C|6 n=2 − |BY |6 |Z |.
Since N (z) ⊆ BZ ∪ C for every vertex z ∈Z and since every vertex of BZ ∪ C has
at most two neighbors in Z , at least one vertex of Z has degree 1 or 2. Therefore,
(G)6 26 n=4.
Theorem 5. Let G be a connected claw-free graph of odd order n¿ 7. If IR(G) =
(n− 1)=2 then (n− 1)=26 (G)6 (n+ 1)=2 or 16 (G)6 (n+ 3)=4. Moreover, for
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every integer r between 1 and (n+3)=4 or equal to (n−1)=2 or (n+1)=2, there exists
a connected claw-free graph G of order n such that IR(G) = (n− 1)=2 and (G) = r.
Proof. Assume n odd and IR(G) = (n− 1)=2. We follow the proof of Theorem 1.
1. If Z = ∅, then either |BY |= |Y | and |C ∪R|=1, or |BY |= |Y |+1 and C ∪R= ∅.
• If |BY |= |Y | and C ∪R={v}, then each component of G[Y ] and G[BY ] is complete.
Let r be the order of a smallest component C of G[Y ] or G[BY ]. Then each vertex
of C has degree r+1 or r, depending on whether it is or not adjacent to v. Hence,
(G)=(n+1)=2 or (n−1)=2 if G[Y ] and G[BY ] are complete, otherwise r6 (n−1)=4
and (G)6 (n+ 3)=4.
• If |BY |= |Y |+1 and C∪R=∅, let Y ={yi; 16 i6 |Y |}; By1 ={y′1; y′′1 } and |Byi |=1
for 26 i6 |Y |. Since G is claw-free, y′1y′′1 is an edge of G and each component of
G[Y ] and of G[BY ] or G[BY −y′1y′′1 ] is complete. As previously, if r is the order of
a smallest component of G[Y ] and of G[BY ] or G[BY − y′1y′′1 ], then r6 (|Y |+1)=2
or r = |Y |, and (G) = r + 1 or r. Hence, (G)6 (n+ 3)=4.
2. If Z = ∅ then, since |BY |¿ |Y |; |BZ∪C∪R|6 |Z |+1. The number e(Z; BZ∪C∪R)
of edges between Z and BZ ∪ C ∪ R is at least (G)|Z |.
• If |Z |= 1, then e(Z; BZ ∪ C ∪ R)6 |BZ ∪ C ∪ R|6 |Z |+ 1 = 2. Hence, (G)6 2¡
(n+ 3)=4.
• If |Z |¿ 2, then since G is connected and since no vertex of Z ∪ Q has a neighbor
in Y ∪ BY , either V = Z ∪ Q or (BZ ∪ C ∪ R)\Q = ∅. In the Hrst case, |Z ∪ Q| =
2|Z | + 1¿ 7, which implies |Z |¿ 3, and (G)|Z |6 e(Z; Q) = 2(|Z | + 1). Hence,
(G)6 2 + 2=|Z | = 2¡ (n + 3)=4. In the second case, at least one vertex of
BZ ∪C ∪R does not belong to Q and thus has at most one neighbor in Z . The other
vertices of BZ ∪ C ∪ R have at most two neighbors in Z . This implies (G)|Z |6
e(Z; BZ ∪ C ∪ R)6 2|BZ ∪ C ∪ R| − 1 = 2|Z | + 1 and thus (G)6 2 + 1=|Z | =
2¡ (n+ 3)=4.
Fig. 2, where ellipses represent cliques, shows examples of connected claw-free
graphs G of odd order n with IR(G) = (n − 1)=2 and (G) = r for r integer such
that 16 r6 (n + 3)=4, r = (n − 1)=2 or r = (n + 1)=2 (Figs. 2(1) for r6 (n − 1)=4,
Fig. 2(2) for r = (n + 1)=4, Fig. 2(3) for r = (n + 3)=4, Fig. 2(4) for r = (n − 1)=2
and Fig. 2(5) for r = (n+ 1)=2).
3. Open questions
1. Theorems 4 and 5 give all the possible values of the minimum degree (G)
of a connected claw-free graph G when IR(G) = n=2 or IR(G) = (n − 1)=2. When
IR(G) = (n − p)=2 with p¿ 1; (G) can take all the values between (n − p)=2 and
(n + p)=2 as shown by the following construction which generalizes the examples
given for p = 1 in Figs. 2(4) and 2(5) and the characterization of graphs such that
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IR(G) = n− (G) given in [2]. The positive integers n; p and r are given with p¡n
and (n−p)=26 r6 (n+p)=2. The vertex set V (G) is a disjoint union X ∪B∪C ∪R
with |X |=|B|=(n−p)=2; |C|=r−(n−p)=2 and |R|=(n+p)=2−r. The sets X ∪C and
B ∪ C ∪ R induce cliques in G. Moreover, E(G) contains a perfect matching between
X and B. Then, X is a maximum irredundant set of G and the degree |C| + |X | = r
of its vertices is the minimum degree of G. Hence, G is a connected claw-free graph
satisfying IR(G) = (n− p)=2 and (G) = r.
Is it possible to determine the other possible values of the minimum degree of a
connected claw-free graph of order n and IR(G)=(n−p)=2? Clearly these other values
are less than (n− p)=2 since (G)6 n− IR(G)6 (n+ p)=2.
2. Question 1 can be reformulated slightly diMerently. The following tables summa-
rize the results obtained in the class of connected claw-free graphs of order n¿ 7 and
minimum degree . The letter S indicates that the bound on IR(G) is attained for each
of the corresponding values of :
n even; IR(G)6


n=2 if 16 6 n=4; S;
n=2− 1 if n=4+ 16 6 n=2− 1;
n−  if n=26 6 n− 1; S;
n odd; IR(G)6


(n+ 1)=2 if = 1; S
(n− 1)=2 if 26 6 (n+ 3)=4 or = (n− 1)=2; S
(n− 3)=2 if (n+ 3)=4+ 16 6 (n− 3)=2;
n−  if (n+ 1)=26 6 n− 1; S:
For the last but one two lines where the bound is probably not sharp, is it possible to
Hnd a better upper bound on IR(G) in terms of n and ?
3. Theorem 3 describes all the connected claw-free graphs of order n such that
IR(G)=(n+1)=2, and these graphs satisfy (G)= IR(G). More generally, is it possible
to characterize all the claw-free graphs such that (G) = IR(G)? This characterization
is known for 2-connected inSations [5]. It is also worth noting that E-perfect graphs,
that is graphs G having E(H) = (H) for all induced subgraphs H of G, satisfy
IR(G) = (G) [8]. Claw-free E-perfect graphs were characterized in [12].
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